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a b s t r a c t
The Merrifield–Simmons index of a graph G, denoted by i(G), is defined to be the total
number of its independent sets, including the empty set. A graph G is called a cactus if
each block of G is either an edge or a cycle. Denote by C (n, k) the set of connected cacti
possessing n vertices and k cut edges. In this work, we shall characterize the cacti with the
maximum Merrifield–Simmons index among all graphs in C (n, k) for all possible values
of k.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V (G), E(G)) be a graph whose sets of vertices and edges are V (G) and E(G), respectively. For any v ∈ V (G), we
use NG(v) to denote the set of the neighbors of v, and let NG[v] = {v} ∪ NG(v).
The Merrifield–Simmons index of a graph G, denoted by i(G), is defined to be the total number of its independent sets,
including the empty set. Because, for the n-vertex path Pn, i(Pn) is exactly equal to the Fibonacci number fib(n + 1), some
researchers also call i(G) the Fibonacci number [1–3]. The Merrifield–Simmons index i(G) is introduced as a purely graph-
theoretical quantity in [1,2]. The investigations of this index in chemistry started with [4–6]. TheMerrifield–Simmons index
for amolecular graphwas extensively investigated in [4], where its chemical applications were demonstrated. In [7], Li et al.
investigated the inverse problem for this index. Later, the term Merrifield–Simmons index was also used for the invariant
i(G) of a graph G that is not necessarily a molecular graph. During the past few decades, a remarkable amount of research
papers on this subject have appeared; for instance, see [8,9,3,10,5,6,11–18] and the references quoted therein. In particular,
Liu and Lu [18] characterized the cactus having maximum i(G)-value among the set of cacti of n vertices and r cycles.
A graph G is called a cactus if each block of G is either an edge or a cycle. In this work, we characterize the cacti with the
maximumMerrifield–Simmons index among all cacti with given number of cut edges.
2. Main result
Denote by C (n, k) the set of connected cacti possessing n vertices and k cut edges. Clearly, we have 0 ≤ k ≤ n − 1 and
k 6= n− 2. If k = n− 1, then G is just a tree. If 0 ≤ k ≤ n− 3, then a graph in C (n, k) has cycles and at most b n−k−12 c cycles.
Before proving our main result, we begin with some lemmas and preliminary results.
Lemma 1 ([9]). Let G be a graph with m components G1,G2, . . . ,Gm. Then i(G) =∏mi=1 i(Gi).
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Fig. 1. The graph transformation that increases the value of i(G).
a b
Fig. 2. (a) Cat((C3, . . . , C3), kP2) (n− k is odd); (b) Cat((C3, . . . , C3, C4), kP2) (n− k is even).
Lemma 2 ([9]). Let G be a graph. If v is a vertex in G, then i(G) = i(G− v)+ i(G− N[v]).
Lemma 3 ([18]). Let G,H and J be graphs as shown in Fig. 1; then i(G) < i(H) or i(G) < i(J), where G,H and J are all connected
graphs having at least two vertices.
Lemma 4 ([17]). Let 2 ≤ j ≤ b n2c, j 6= 3 and n ≥ 6. Then
i(P1 ∪ Pn−1) > i(P3 ∪ Pn−3) > i(Pj ∪ Pn−j).
Let fib(n) denote the n-th Fibonacci number. Recall that fib(n) = fib(n − 1) + fib(n − 2) with initial conditions
fib(0) = fib(1) = 1. We thus have
i(Pn) = fib(n+ 1) =
√
5
5
(1+√5
2
)n+2
−
(
1−√5
2
)n+2 .
If a cactus G has r(≥1) cycles, we will denote these r cycles as Cs1+1, . . . , Csr+1 throughout the remainder of this work.
We use Cat(Cs1+1, . . . , Csr+1) to denote a cactus obtained by taking one vertex of each Csj+1 (1 ≤ j ≤ r) and fusing these
vertices together into a new common vertex. If we continue to attach to this new common vertex k leaves, we obtain a graph,
which is denoted by Cat((Cs1+1, . . . , Csr+1), kP2) (see Fig. 2 for an example).
Prodinger and Tichy [1] gave an upper bound for the i-value of a tree, and characterized the unique tree attaining this
upper bound. Later, Lin and Lin [14] proved some additional results as well. Their result is summarized as follows:
Theorem 1. Let G be a tree on n vertices. Then i(G) ≤ 2n−1 + 1, with equality if and only if G ∼= Sn.
The following theorem will determine the cacti with the maximum i-values among graphs in C (n, k) for all possible
values of k.
Theorem 2. For graphs in C (n, k) (0 ≤ k ≤ n− 3 and k = n− 1), we have:
(i) If k = n− 1, then the cactus Sn has the maximum i-value.
(ii) If k = 0 and 5 ≤ n ≤ 8, then the cactus Cn, or Cat(C4, C4) (n = 7), or Cat(C3, C3, C4) (n = 8) has the maximum i-value.
(iii) If 1 ≤ k ≤ n − 3 and n − k is odd, or k = 0, n is odd and n ≥ 9, then the cactus Cat ((C3, . . . , C3), kP2) or
Cat ((C5), P2) (n = 6, k = 1) has the maximum i-value.
(iv) If 1 ≤ k ≤ n − 3 and n − k is even, or k = 0, n is even and n ≥ 9, then the cactus Cat ((C3, . . . , C3, C4), kP2) has the
maximum i-value.
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Proof. (i) is evident from Theorem 1.
Suppose now that 0 ≤ k ≤ n− 3. Next, we will prove (ii), (iii) and (iv).
Let Gmax be a graph chosen from C (n, k) such that for any G ∈ C (n, k) \ {Gmax}, i(Gmax) ≥ i(G).
Since k ≤ n− 3, Gmax must contain cycles. Assume that Gmax contains r (1 ≤ r ≤ b n−k−12 c) cycles, say, Cs1+1, . . . , Csr+1.
By our choice of Gmax, Gmax ∼= Cat ((Cs1+1, Cs2+1, . . . , Csr+1), kP2), for otherwise, we can employ operation A (see Fig. 1)
on Gmax, and we will find a graph G0 in C (n, k) such that i(Gmax) < i(G0) by Lemma 3, a contradiction to the choice of Gmax.
We consider the following two cases according to the values that r assumes.
Case 1. r ≥ 2.
Before proceeding any further, we verify the following two claims.
Claim A. Gmax contains no cycles of length greater than or equal to 5.
Proof. By contradiction. Suppose to the contrary that Gmax contains Cj (j ≥ 5). Without loss of generality, we may assume
that s1 + 1 = j.
Let v be the vertex of maximum degree in Cat ((C4, Cs2+j−3, Cs3+1, . . . , Csr+1), kP2) and u be the vertex of maximum
degree in Cat ((Cs1+1, Cs2+1, Cs3+1, . . . , Csr+1), kP2). Also, we let F1 = (
⋃r
i=3 Psi)
⋃
kK1 and F2 =⋃ri=3 Psi−2. Here we should
note that if r = 2, then both F1 and F2 are empty graphs. Thus, i(F1) = i(F2) = 1 by the definition of i(G).
Thus,
Cat ((C4, Cs2+j−3, Cs3+1, . . . , Csr+1), kP2)− v = F1 ∪ P3 ∪ Ps2+j−4,
Cat ((C4, Cs2+j−3, Cs3+1, . . . , Csr+1), kP2)− N[v] = F2 ∪ P1 ∪ Ps2+j−6,
Cat ((Cs1+1, Cs2+1, Cs3+1, . . . , Csr+1), kP2)− u = F1 ∪ Pj−1 ∪ Ps2 ,
Cat ((Cs1+1, Cs2+1, Cs3+1, . . . , Csr+1), kP2)− N[u] = F2 ∪ Pj−3 ∪ Ps2−2.
Now, by Lemmas 1 and 2, for r ≥ 2, we have
i(Cat ((C4, Cs2+j−3, Cs3+1, . . . , Csr+1), kP2))− i(Cat ((Cs1+1, Cs2+1, Cs3+1, . . . , Csr+1), kP2))
= i(F1)[i(P3)i(Ps2+j−4)− i(Pj−1)i(Ps2)] + i(F2)[i(P1)i(Ps2+j−6)− i(Pj−3)i(Ps2−2)]
> 0,
where the last inequality holds due to Lemma 4 and the fact that i(Fj) > 0, j = 1, 2.
It is a contradiction to the maximality of Gmax. This proves Claim A. 
Claim B. If (k, n) 6= (0, 7), then Gmax contains no two C4’s.
Proof. By contradiction once again. Suppose, to the contrary, that Gmax contains two C4’s. Without loss of generality,
we may assume that sr = sr−1 = 3. We will prove that i(Cat ((C3, C3, C3, Cs1+1, . . . , Csr−2+1), kP2)) − i(Cat ((C4, C4,
Cs1+1, . . . , Csr−2+1), kP2)) = Θ > 0 in the following.
If r = 2, then Gmax ∼= Cat ((C4, C4), kP2). Since (k, n) 6= (0, 7), then k ≥ 1. But then, we have
i(Cat ((C3, C3, C3), kP2))− i(Cat ((C4, C4), kP2)) = 2k+1 − 3 > 0,
contradicting the choice of Gmax.
Now, we assume that r ≥ 3. Let F3 = (⋃r−2i=1 Psi)⋃ kK1 and F4 =⋃r−2i=1 Psi−2.
Then
Θ = [(i(P2))3 − (i(P3))2]i(F3)+ [1− (i(P1))2]i(F4)
= 2i(F3)− 3i(F4).
Note that
i(F3) = 2k
r−2∏
i=1
i(Psi)
= 2ki(Ps1), . . . , i(Psr−2),
i(F4) =
r−2∏
i=1
i(Psi−2)
= i(Ps1−2), . . . , i(Psr−2−2).
Therefore,
Θ = 2k+1i(Ps1), . . . , i(Psr−2)− 3i(Ps1−2), . . . , i(Psr−2−2)
≥ 2i(Ps1), . . . , i(Psr−2)− 3i(Ps1−2), . . . , i(Psr−2−2).
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Let
Θ ′ = 2i(Ps1), . . . , i(Psr−2)− 3i(Ps1−2), . . . , i(Psr−2−2).
We will prove thatΘ ′ > 0 by induction on r .
When r = 3,Θ ′ = 2i(Ps1)− 3i(Ps1−2) = 2i(Ps1−1)− i(Ps1−2) > 0.
Suppose that r ≥ 4 andΘ ′ > 0 for smaller values of r .
By the induction assumption,
Θ ′ = [2i(Ps1), . . . , i(Psr−3)] · i(Psr−2)− 3i(Ps1−2), . . . , i(Psr−3−2)i(Psr−2−2)
≥ 3i(Ps1−2), . . . , i(Psr−3−2)i(Psr−2)− 3i(Ps1−2), . . . , i(Psr−3−2)i(Psr−2−2)
> 0.
Hence,Θ ≥ Θ ′ > 0, contradicting the maximality of Gmax. This proves Claim B. 
By Claims A and B, we conclude that if r ≥ 2 and {k, n} 6= {0, 7}, then there exist at most one C4, and all the remaining
cycles are C3 in Gmax.
Thus, for r ≥ 2 and {k, n} 6= {0, 7}, Gmax has exactly b n−k−12 c cycles, which implies that Gmax ∼= Cat ((C3, . . . , C3), kP2) if
n− k is odd and {k, n} 6= {0, 7}, and Gmax ∼= Cat ((C3, . . . , C3, C4), kP2) if n− k is even.
If r ≥ 2 and {k, n} = {0, 7}, then Gmax must be isomorphic to Cat (C3, C3, C3) or Cat (C4, C4). It is easy to check that
i(Cat (C3, C3, C3)) < i(Cat (C4, C4)). So Gmax ∼= Cat (C4, C4) in this case.
Case 2. r = 1.
First, we consider the case of k = 0. In this case, Gmax ∼= Cn.
When n − k = n is odd, i(Cat ((C3, . . . , C3), 0P2)) = 3 n−12 + 1. When n − k = n is even, i(Cat ((C3, . . . , C3, C4), 0P2)) =
5 · 3 n−42 + 2.
When n = 3, C3 ∼= Cat((C3), 0P2); when n = 4, C4 ∼= Cat((C4), 0P2). Now, we may suppose that n ≥ 5.
When n = 5, i(C5) = i(P4)+ i(P2) = 8+ 3 > 10 = i(Cat ((C3, . . . , C3), kP2)).
When n = 6, i(C6) = i(P5)+ i(P3) = 13+ 5 > 17 = i(Cat ((C3, . . . , C3), kP2)).
When n = 7, i(C7) = i(P6)+ i(P4) = 21+ 8 > 28 = i(Cat ((C3, . . . , C3), kP2)).
When n = 8, i(C8) = i(P7)+ i(P5) = 34+ 13 = 47 = i(Cat ((C3, . . . , C3, C4), kP2)).
For n ≥ 9, we will prove that:
• if n is odd, then
i(Cn) < 3
n−1
2 + 1,
and if n is even, then
i(Cn) < 5 · 3 n−42 + 2
by induction on n.
When n = 9, i(C9) = i(P8)+ i(P6) = 76 < 82 = i(Cat ((C3, . . . , C3), kP2)).
When n = 10, i(C10) = i(P9)+ i(P7) = 123 < 137 = i(Cat((C3, . . . , C3, C4), kP2)).
Now, suppose that n ≥ 11 and the above statement is true for smaller values of n. According to Lemma 2, we have
i(Cn) = i(Pn−1)+ i(Pn−3) = (i(Pn−2)+ i(Pn−4))+ (i(Pn−3)+ i(Pn−5)).
By the induction assumption, we obtain that:
• if n is odd, then
i(Pn−2)+ i(Pn−4) = i(P(n−1)−1)+ i(P(n−1)−3) < 5 · 3 (n−1)−42 + 2
and
i(Pn−3)+ i(Pn−5) = i(P(n−2)−1)+ i(P(n−2)−3) < 3 (n−2)−12 + 1;
• if n is even, then
i(Pn−2)+ i(Pn−4) = i(P(n−1)−1)+ i(P(n−1)−3) < 3 (n−1)−12 + 1
and
i(Pn−3)+ i(Pn−5) = i(P(n−2)−1)+ i(P(n−2)−3) < 5 · 3 (n−2)−42 + 2.
Thus:
• if n is odd, then
i(Cn) < 5 · 3 (n−1)−42 + 2+ 3 (n−2)−12 + 1 < 3 n−12 + 1;
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• if n is even, then
i(Cn) < 3
(n−1)−1
2 + 1+ 5 · 3 (n−2)−42 + 2 < 5 · 3 n−42 + 2.
This completes the induction.
Now, consider the case of k ≥ 1.
Since r = 1, Gmax ∼= Cat ((Cn−k), kP2) has the maximum value of i(G) by our previous analysis.
If r = 1 and n−k = 3, thenGmax ∼= Cat((C3, . . . , C3), kP2); if r = 1 and n−k = 4, thenGmax ∼= Cat((C3, . . . , C3, C4), kP2).
Now, suppose that r = 1 and n− k ≥ 5. For k ≥ 1, we have
i(Cat ((C3, Cn−k−2)))− i(Cat ((Cn−k), kP2)) = [i(P1)]k[i(P2)i(Pn−k−3)− i(Pn−k−1)] − i(Pn−k−4)
= 2ki(Pn−k−5)− i(Pn−k−4)
≥ 2i(Pn−k−5)− i(Pn−k−4)
≥ 0.
So i(Cat ((C3, Cn−k−2))) ≥ i(Cat ((Cn−k), kP2))with equality if and only if k = 1 and n− k = 5.
Combining this fact and the above discussions in Case 1, we have
i(Cat ((Cn−k), kP2)) ≤ i(Cat ((C3, Cn−k−2), kP2)) ≤ i(Cat((C3, . . . , C3), kP2))
if n− k is odd, and
i(Cat ((Cn−k), kP2)) < i(Cat ((C3, Cn−k−2), kP2)) ≤ i(Cat((C3, . . . , C3, C4), kP2))
if n− k is even.
Combining all cases, the proof is thus completed. 
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